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Abstract— This paper deals with target classification by using
both feature data and kinematic measurements. The problem
is tackled by multi-hypothesis sequential testing with embedded
target tracking. We implement Armitage’s sequential probability
ratio tests (SPRT) for non-maneuvering and maneuvering targets.
Two track fusion architectures, including centralized fusion and
distributed fusion, are used to handle the embedded tracking
problem. The benefit of the kinematic measurements to classifi-
cation is analyzed and improvement is shown analytically for a
special case. Numerical results are provided to demonstrate the
performance of our algorithm.

Keywords: Target classification, multi-hypothesis test, sequen-
tial probability ratio test, track fusion.

I. INTRODUCTION

Traditionally, target tracking is mainly based on kinematic

(e.g., radar, sonar) measurements and target classification is

usually handled by using feature, attribute or identity data

from, e.g., electronic support measure (ESM), high resolution

radar, acoustic and passive infrared sensors [1]. So, target

tracking and classification are dealt with separately based on

different sets of data. However, some sensors, such as passive

infrared sensors and other energy-selective sensing devices,

produce measurements related to both target state and feature.

Using these measurements for target classification, the target

state should also be considered simultaneously. Intuitively, the

more accurate the state is estimated, the more helpful it is

for classification. Thus, we can take advantage of kinematic

measurements to form a target track and make it beneficial

to target classification. This agrees with the essence of multi-

sensor data fusion [2], which is combining information from

heterogeneous sources for a specific purpose.

In the joint decision and estimation (JDE) framework [3],

[4], the inter-dependent target tracking and classification prob-

lems are considered in a balanced way to achieve a joint

optimality. Here, however, we focus on target classification

only. In this problem, target tracking is treated as an embedded
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subproblem and it serves the sole purpose of target classifica-

tion. This idea of using one technique to help another is widely

applied, such as classification-aided data association [5] and

feature-aided tracking [6]. In this paper, we handle the target

tracking problem by track fusion techniques, including cen-

tralized and distributed fusion architectures [7], and we handle

target classification by multi-hypothesis sequential probability

ratio test (SPRT).

It is natural to use sequential testing for a classification

problem where a dynamic system is involved and observations

are obtained sequentially [8]. A major advantage of using a

sequential test is that all types of decision errors, e.g., type

I and type II errors for binary hypothesis, can be controlled

[9], leading to a reliable decision. A sequential test contains

a stoping rule and a final decision. Its performance is usually

measured by the average sample number (ASN) given allow-

able decision error probabilities. A sequential testing problem

is mainly concerned with how to get a decision as quick

as possible while specified levels of error probabilities are

guaranteed.

For binary simple hypothesis with independent and identi-

cally distributed (i.i.d.) observations, Wald’s SPRT is optimal

in the sense that it minimizes simultaneously the ASN un-

der both hypotheses among all tests within the given error

probabilities [9]. However, target classification considered in

this paper is a multi-hypothesis testing problem, which is

considerably more difficult than the binary case. Existing work

on multi-hypothesis sequential testing belongs to two major

classes [10]: one tries to find the optimal solution and the other

extends Wald’s SPRT to the multi-hypothesis case directly.

Except for a few special applications, the methods in the first

class are too complicated to be implemented and thus we adopt

methods in the second class. In addition to simplicity, the

methods used here have asymptotic optimality in some cases,

which is close to the optimal one under small decision error

probabilities (DEP).

We begin with a simple target classification problem, where

the measurements are i.i.d. and Armitage’s SPRT is used

to handle it. Armitage’s SPRT is a generalization of Wald’s

SPRT for any number of hypotheses [11]. It can control the



whole matrix of DEP and has widespread applications due

to its simplicity [12], [13]. For i.i.d. measurements, Simons

gave a theoretic lower bound on ASN for Armitage’s SPRT

[14]. Lai proved that Armitage’s SPRT can achieve the lower

bound asymptotically [15]. This simple target classification

problem serves as a basis for comparison with the SPRT using

kinematic measurements.

When all the measurements, including kinematic data, are

considered in target classification, observations are no longer

i.i.d. A sequential test based on the results in [15] is used

here. A target with a single kinematic model is considered

first and its tracking-aided classification is implemented by

Armitage’s SPRT embedded with centralized fusion and dis-

tributed fusion, respectively. For a maneuvering target, which

is usually modeled as a Markovian jump linear system (MJLS)

[16], we use the interacting multiple model (IMM) strategy to

approximate the SPRT and use centralized fusion. Although

some distributed fusion algorithms for MJLS [17], [18] can

be directly applied, constraints exist. In terms of performance,

few theoretic results are available and we emphasize the

performance improvement on ASN by using kinematic data

in target classification.

The paper is organized as follows. Section II formulates the

target classification problem. Section III gives a simple target

classification algorithm based on Armitage’s SPRT. In section

IV, classification of a target with a single kinematic model

is considered. A centralized and a distributed implementation

of Lai’s SPRT are proposed based on a general solution. The

performance is analyzed for a special case. Furthermore, we

discuss how kinematic data can improve the classification.

Section V considers the problem with maneuvering targets.

Numerical results are provided in Section VI. Section VII

concludes the paper.

II. PROBLEM FORMULATION

We test sequentially J hypotheses for different target classes

on the probability distribution of measurements zk, (k =
1, 2, . . .). Assume that under hypothesis Hj , zk has the fol-

lowing conditional probability density function (pdf)

f(zk|xk, Hj) = fj(zk|xk) (1)

where xk denotes the target state at time k. Define the error

probabilities as

αij = P{d = j|Hi}, for all j 6= i

which denotes the probability of the event that we decide

on Hj but the truth is Hi. The controlling matrix of error

probabilities is denoted by A = [aij ] where 0 ≤ aij < 1 and

let TA denote the set of all sequential tests with guaranteed

DEP αij ≤ aij (i 6= j).
A multi-hypothesis sequential test is the pair (N, d) ∈ TA,

where N is the stopping time and d is the final decision on

Hd. Note that zk (k = 1, 2, . . .) are not i.i.d. since the random

state xk is involved. Furthermore, xk is actually a nuisance

parameter in this problem since the objective is to make a

decision. This is a hard problem because it involves multiple

hypotheses, nuisance parameters and none i.i.d. observations.

However, if we do not confine ourselves to the optimal

solutions and deal with detailed measurement-types and target

models, satisfactory results may be obtained.

Suppose that zk contains the three types of measurements

zk = [(z1k)
′, (z2k)

′, (z3k)
′]′

which are commonly used in the target tracking and classifi-

cation applications [1]. The first type is obtained from ESM

sensors or devices which can only read the target classes with

some probabilistic uncertainties:

z1k ∼ p(z1k|Hi) = pi(z
1
k) given Hi (2)

where pi(·) is the pdf or probability mass function under

Hi and z1k over time k are assumed i.i.d. The second type

is obtained from infrared imagers or other energy-selective

sensing devices:

z2k ∼ fi(z
2
k|xk) given Hi (3)

where xk is the target’s random state at time k and the pdf

fi(·) depends on hypothesis Hi. The third type is obtained

primarily from kinematic sensors and modeled as

z3k ∼ f(z3k|xk) (4)

This type is usually used in tracking (i.e., estimating the target

state xk) and independent of the target class. The second type

provides no direct information for tracking nor classification

separately. However, we show next that these two types of

data are beneficial to classification, resulting in a “tracking

aided classification” algorithm. Note that we assume z1k are

independent with z2k, z3k and xk given any hypothesis Hi, i ∈
{1, . . . , J}.

III. SIMPLE TARGET CLASSIFICATION

Conventionally, only the first type of data is used in

classification. We begin with this simple problem and move

progressively to more complicated classification problems in

the subsequent sections. We use Armitage’s SPRT to handle

this problem, where the pair (N, d) is defined as

N = min
i∈{1,...,J}

Ni (5)

d = i (6)

with

Ni = inf{n ≥ 1 : Ln(i, j) ≥ − log aji, for all j 6= i}

and Lk(i, j) is the accumulated log likelihood ratio (LLR)

Ln(i, j) =
∑n

k=1
log

pi(z
1
k)

pj(z1k)
(7)

Armitage’s SPRT stops the first time when a hypothesis Hi’s

LLRs Ln(i, j) relative to the other hypotheses all exceed the

corresponding thresholds − log aji (for all j 6= i). Unlike

Wald’s SPRT, the Armitage’s SPRT is not optimal — it is

not the fastest in TA. Actually, for multi-hypothesis SPRT,

there does not exist such an optimal sequential test in general.



Simons [14] gave a lower bound on the ASN for the above

problem:

Ei(N) ≥ max
1≤j≤J, j 6=i

{
∑J

v=1
aiv(log

avi
ajv

)/Iij} (8)

where

Iij = Ei(log
pi(z

1
k)

pj(z1k)
)

and Ei(·) denotes expectation with respect to distribution pi(·).
It has been proven that Armitage’s SPRT can achieve the

lower bound with probability 1 asymptotically while ||A|| ,
max{aij : 1 ≤ i 6= j ≤ J} → 0. Note that even when J = 2,
Armitage’s SPRT is still different from the optimal Wald’s

SPRT in the threshold. By letting aij = a, we can see the

asymptotic optimality of Armitage’s SPRT: in Wald’s SPRT,

the threshold is a
1−a

while in Armitage’s SPRT it is a. As

a → 0, these two thresholds become the same.

IV. TRACKING AIDED CLASSIFICATION FOR

SINGLE-MODEL TARGET

When the three types of data are all considered in classifica-

tion, the observations are no longer i.i.d., rendering Armitage’s

SPRT not applicable. We have the following general solution

with its property given in Theorem 1.

A. General Solution

At time n, our test is based on measurements z1:n =
[z1, . . . , zn] whose joint pdf given hypothesis Hi is

f(z1:n|Hi) =
∏n

k=1
fi(zk|z1:k−1) (9)

Then, the LLR for Hi and Hj is

Ln(i, j) = log
fi(z1:n)

fj(z1:n)

=
∑n

k=1
log

fi(zk|z1:k−1)

fj(zk|z1:k−1)
(10)

Theorem 1: If

N = min
i∈{1,...,J}

Ni (11)

d = i (12)

where

Ni = inf{n ≥ 1 : Ln(i, j) ≥ − log aji, for all j 6= i}

then (N, d) ∈ TA.
This theorem was proven by Lai in Theorem 2 of [15].

As we can see from the theorem, the conditional pdf

fi(zk|z1:k−1), i ∈ {1, . . . , J} is the key to implementing the

above test. We now assume that the target model is known as

xk+1 = Fkxk +Gkwk, k = 0, 1, . . . , (13)

and with this model we develop a sequential multi-hypothesis

test. Note that Theorem 1 does not require anything on

the system model and it can be carried out as long as the

conditional pdf can be found.

For simplicity, in the following discussion we assume type 2
and type 3 data have the following linear measurement models

z2k = Tkxk + v2k (14)

z3k = Ukxk + v3k (15)

where

Tk = T i
k, given Hi

and Uk is independent of Hi. It is assumed that v2k, v3k, the

initial state x0 and process noise wk are all Gaussian and

mutually independent and they are independent of z1k. Also,

we assume

E(wk) = 0, cov(wk) = Qk

E(v2k) = 0, cov(v2k) = R2
k

E(v3k) = 0, cov(v3k) = R3
k

and x0 ∼ N (x̄0, P0).

Remark: Actually, our result holds provided the joint pdf of

z2k and xk given hypotheses Hi for all i (i.e., f(z2k, xk|Hi)) are

Gaussian (not confined to the model (14)). If the measurement

models are nonlinear or non-Gaussian, then density filters

may be needed rather than the Kalman filter. However, the

procedures of solving the classification do not change. Briefly,

the measurement models assumed in (14) and (15) do not

reduce the significance of this work.

B. Implementation with Centralized Fusion

Since z1k are independent with z2k, z3k, and the target state

given a hypothesis Hi and z1k are i.i.d., we have

fi(zk|z1:k−1) = f(z1k, z
2
k, z

3
k|z

1
1:k−1, z

2
1:k−1, z

3
1:k−1, Hi)

= p(z1k|z
1
1:k−1, z

2
1:k−1, z

3
1:k−1, Hi)

· f(z2k, z
3
k|z

1
1:k−1, z

2
1:k−1, z

3
1:k−1, Hi)

= pi(z
1
k)fi(z

2
k, z

3
k|z

2
1:k−1, z

3
1:k−1) (16)

Since

fi(z
2
k, z

3
k|z

2
1:k−1, z

3
1:k−1)

=

∫

fi(z
2
k|xk)f(z

3
k|xk)fi(xk|z

2
1:k−1, z

3
1:k−1)dxk (17)

and the three pdfs in the integration are Gaussian, we have

fi(z
2
k, z

3
k|z

2
1:k−1, z

3
1:k−1)

= N (

[

z2k
z3k

]

;V i
k x̂

i
k|k−1, S

i
k) (18)

where

V i
k = [(T i

k)
′, U ′

k]
′ (19)

x̂i
k|k−1 = Fk−1x̂

i
k−1 (20)

P i
k|k−1 = Fk−1P

i
k−1F

′
k−1 +Qk−1 (21)

Si
k = V i

kP
i
k|k−1(V

i
k )

′ + diag{R2
k, R

3
k} (22)



and x̂i
k−1 is an estimate of xk−1 using z21:k−1 and z31:k−1 under

hypothesis Hi:

x̂i
k−1 = E[xk−1|z

2
1:k−1, z

3
1:k−1, Hi] (23)

P i
k−1 = cov(x̂i

k−1 − xk−1) = MSE(x̂k−1)

where MSE denotes the mean-square error. Under each hy-

pothesis Hi, Eq. (23) estimates xk−1 using z21:k−1 and z31:k−1,
which is indeed centralized fusion. Then we propagate the

estimate x̂i
k−1 to time k by Eqs. (20)-(21) and further use Eq.

(18) to compute the conditional pdfs required in the general

solution. Finally, through these conditional pdfs, we implement

the SPRT Eqs. (11)-(12).

The centralized fusion (23) can be recursively calculated by

the Kalman filter:

x̂i
k = E[xk|z

2
1:k, z

3
1:k, Hi] (24)

= x̂i
k|k−1 +Ki

k(

[

z2k
z3k

]

− V i
k x̂

i
k|k−1)

P i
k = P i

k|k−1 −Ki
kS

i
k(K

i
k)

′ (25)

where

Ki
k = P i

k|k−1(V
i
k )

′(Si
k)

−1

C. Implementation with Distributed Fusion

Instead of implementation with the centralized fusion, a

distributed one may be preferred for the following two reasons:

1) Distributed fusion is more practical. Notice that type

2 and type 3 data are basically generated from different

sensors and they may have their own data processing. Since

Type 3 data are typically for tracking and the target track

is probably generated already separately, we can assume that

only estimates x̂3
k = E[xk|z31:k] are available.

2) Even if z31:k are available directly for classification,

distributed fusion is more efficient than centralized fusion by

using x̂3
k . From Eq. (23), the centralized fusion for each Hi,

z21:k and z31:k are used to estimate xk. However, z31:k depend

on hypotheses only through the target state. Thus, distributed

fusion takes advantage of it and forms a track based on z31:k.

In this way, only z21:k are needed in hypothesis-conditioned

estimation.

The overall distributed estimate of xk under hypothesis Hi

is a fusion of x̂2,i
k = E[xk|z21:k, Hi] and x̂3

k:

x̂i
k = E[xk|x̂

3
k, x̂

2,i
k ]

In general, the above distributed fusion is not identical with the

centralized one Eq. (24). However, based on the assumptions

at the beginning of this section, the information matrix fusion

(IMF) [19]

x̂i
k = P i

k[(P
i
k|k−1)

−1x̂i
k|k−1 + (P 3

k )
−1x̂3

k + (P 2,i
k )−1x̂2,i

k

− (P 3
k|k−1)

−1x̂3
k|k−1 − (P 2,i

k|k−1)
−1x̂2,i

k|k−1] (26)

P i
k = [(P i

k|k−1)
−1 + (P 3

k )
−1 + (P 2,i

k )−1

− (P 3
k|k−1)

−1 − (P 2,i
k|k−1)

−1]−1 (27)

is equivalent to the centralized fusion [20], where the predicted

estimates x̂3
k|k−1, x̂2,i

k|k−1 and their MSE matrices can be

obtained similarly as in Eqs. (20)-(21).

D. Performance

In this subsection, we will discuss the performance of our

proposed tracking-aided classification (TAC) algorithm. As

we stated, to our knowledge, it has no general optimality or

asymptotic optimality. Lai obtained asymptotic lower bounds

on the ASN for it [15], but the assumptions are not satisfied

here. Liu and Li proposed a method to calculate the ASN of a

binary SPRT for the independent but non-stationery case [21],

[22]. However, our problem involves multiple hypotheses.

There is a special case in which a qualitative analysis can

be made. First, the following holds:

N (

[

z2k
z3k

]

;V i
k x̂

i
k|k−1, S

i
k) = N (ỹk; 0, S

i
k) (28)

where

ỹk ,

[

z̃2k
z̃3k

]

=

[

z2k
z3k

]

− V i
k x̂

i
k|k−1 (29)

Then from Eq. (18), ỹk is equivalent to (z2k, z
3
k) in implemen-

tation of TAC. Since ỹk is the innovation, it is an independent

sequence. Assume that system (13) is time invariant and the

Kalman filter is in the steady state. Then, ỹk are i.i.d. and

ỹk ∼ N (0, Si)

So, in this case

Iij = Ei(log
pi(z

1
k)N (ỹk; 0, S

i)

pj(z1k)N (ỹk; 0, Sj)
)

= Ei(log
pi(z

1
k)

pj(z1k)
) + Ei(log

N (ỹk; 0, S
i)

N (ỹk; 0, Sj)
) (30)

It should be noted that these three expectations are based

on different distributions under Hi. From the properties of

Kullback–Leibler divergence, we have Ei(log
N (ỹk;0,S

i)
N (ỹk;0,Sj)) > 0

and it leads to

Iij > Ei(log
pi(z

1
k)

pj(z1k)
) (31)

Substituting the above into (8), we can conclude that when

[z2k, z
3
k] is used in the test, the asymptotic ASN is strictly

smaller than the one using only z1k. This means that our TAC

will terminate sooner than the Armitage SPRT using only z1k
when ||A|| → 0. For the case other than time invariant and

steady state, no further strict conclusions on performance are

available. However, intuitively there should be a performance

improvement relative to the simple classification case, since

more measurements are used.

E. Further Discussions

In the following, the effects of type 2 data on the test and

how type 3 data helps the classification are discussed. Assume

only type 1 and type 3 data are used in the test and then from

(16) we have

fi(z
1
k, z

3
k|z

1
1:k−1, z

3
1:k−1)

fj(z1k, z
3
k|z

1
1:k−1, z

3
1:k−1)

=
pi(z

1
k)

pj(z1k)

f(z3k|z
3
1:k−1)

f(z3k|z
3
1:k−1)

=
pi(z

1
k)

pj(z1k)
(32)



which is the same as Armitage’s SPRT with z1k. So, if there

is no type 2 data, type 3 measurements do not contribute to

classification. In other words, type 2 data works as a bridge

between tracking and classification.

The effect of type 3 data on classification can be analyzed

from model (14). We use z2k to judge the value of Tk, which

depends on the target class. However, if xk is viewed as a

nuisance parameter and its uncertainty is large, Tk will be

overwhelmed by xk and less information about Tk can be

drawn from z2k. The merit of z3k is to reduce the uncertainty

of xk. Thus, the more accurate the estimate of xk by z3k is,

the more contribution it makes to classification.

Note that it is the pair (x̂i
k, P

i
k) that is used to compute

the LLR. So the estimate of xk based on z3k should be

credible — P i
k should be close to the actual cov(x̂i

k − xk)
[23]. If the estimation is optimal, then it is fine since optimal

estimators are always credible1 [24]. Otherwise, precautions

should be taken. Non-accurate but credible estimates will

degrade the test performance (e.g., increase the ASN). This

is due to the insufficient use of data. However, for this case,

the decision error is still guaranteed once a decision is made.

On the other hand, non-credible estimates may lead to a

higher decision error rate. This is verified in subsection VI

A on numerical examples. So, for practical applications or in

complex situations, we better try to go after credibility first

and then accuracy because credibility deals with fundamental

model mismatch, while accuracy is related with uncertainty

only.

V. TRACKING AIDED CLASSIFICATION FOR

MULTIPLE-MODEL TARGET

Maneuvering targets are commonly modeled as multiple-

model systems, especially as Markovian jump linear systems

(MJLS). Consider the following MJLS:

xk+1 = F
(l)
k xk +G

(l)
k w

(l)
k , l = 1, . . . ,M (33)

where xk ∈ R
nx , superscript (l) denotes quantities pertinent

to model m(l) in the model space M. The event that model

m(l) is in effect over the sampling interval (tk−1, tk] will

be denoted by m
(l)
k . The model sequence is assumed to be

a homogeneous finite-state Markovian chain with transition

probabilities π(ij) = P (m
(j)
k |m

(i)
k−1)

2. The transition proba-

bility matrix Π , [π(ij)] is an M × M matrix satisfying

0 ≤ π(ij) ≤ 1 and
∑

j
π(ij) = 1, where M denotes the

number of system models.

The same measurement models (2), (14) and (15) are used.

The measurement noises v2k, v3k, and process noise w
(l)
k are

white Gaussian sequences and independent of each other. The

process noise is zero-mean with covariance matrix

cov(w
(l)
k ) = Q

(l)
k

1In [24], “credible” is termed “consistent”.
2We use the superscript (i) in typewriter font to denote the model (e.g.,

m
(i)
k

) and the normal i to denote the hypothesis (e.g., Hi).

The initial state x0 is assumed to be independent of w
(l)
k , v2k

and v3k.

From the general solution in the previous section, we need

to calculate the conditional pdf for the test. Let

Yk = [(z2k)
′, (z3k)

′]′

Y1:k−1 = [Y ′
1 , Y

′
2 , . . . , Y

′
k−1]

′

To simplify the notation, we do not specify the particular

hypothesis in the following derivations. We use the IMM

strategy here to find the following conditional pdf:

f(xk|Y1:k−1)

=
∑

i

∑

j

f(xk|Y1:k−1,m
(i)
k ,m

(j)
k−1) (34)

· P{m
(j)
k−1|Y1:k−1,m

(i)
k }P{m

(i)
k |Y1:k−1}

=
∑

i

µ
(i)
k|k−1

∑

j

µ
(j|i)
k−1

∫

f(xk|xk−1,m
(i)
k ) (35)

· f(xk−1|Y1:k−1,m
(i)
k ,m

(j)
k−1)dxk−1

where

µ
(i)
k|k−1 , P{m

(i)
k |Y1:k−1}

µ
(j|i)
k−1 , P{m

(j)
k−1|Y1:k−1,m

(i)
k }

We make the following approximation

f(xk−1|Y1:k−1,m
(i)
k ,m

(j)
k−1)

= f(xk−1|z
2
1:k−1, z

3
1:k−1,m

(i)
k ,m

(j)
k−1)

≈ f(xk−1|z
2
1:k−1, z

3
1:k−1,m

(j)
k−1)

≈ N (xk−1; x̂
(j)
k−1|k−1, P

(j)
k−1|k−1) (36)

and it leads to

f(xk|Y1:k−1)

≈
∑

i

µ
(i)
k|k−1

∑

j

µ
(j|i)
k−1

∫

f(xk|xk−1,m
(i)
k ) (37)

· N (xk−1; x̂
(j)
k−1|k−1, P

(j)
k−1|k−1)dxk−1

=
∑

i

µ
(i)
k|k−1

∑

j

µ
(j|i)
k−1N (xk; x̄

(j,i)
k|k−1, P̄

(j,i)
k|k−1) (38)

So, we have a Gaussian mixture of M2 components to

approximate the pdf f(xk|Y1:k−1). A further approximation

is made in IMM to reduce the number of components to M .

Let
∑

j

µ
(j|i)
k−1N (xk; x̄

(j,i)
k|k−1, P̄

(j,i)
k|k−1)

≈ N (xk; x̂
(i)
k|k−1, P

(i)
k|k−1) (39)

Thus, finally we have

f(xk|Y1:k−1) ≈
∑

i

µ
(i)
k|k−1N (xk; x̂

(i)
k|k−1, P

(i)
k|k−1) (40)

Note that all the quantities µ
(i)
k|k−1, µ

(j|i)
k−1 , (x̄

(j,i)
k|k−1, P̄

(j,i)
k|k−1),

(x̂
(j)
k−1|k−1, P

(j)
k−1|k−1) and (x̂

(i)
k|k−1, P

(i)
k|k−1) can be provided



by the IMM algorithm [16]. Then the likelihood used in the

test can be computed by

f(Yk|Y1:k−1)

=

∫

f(Yk|xk)f(xk|Y1:k−1)dxk

≈

∫

f(Yk|xk)
∑

i

µ
(i)
k|k−1N (xk; x̂

(i)
k|k−1, P

(i)
k|k−1)dxk (41)

From (14)-(15), it follows that Yk is Gaussian distributed given

xk and thus we have
∫

f(Yk|xk)
∑

i

µ
(i)
k|k−1N (xk; x̂

(i)
k|k−1, P

(i)
k|k−1)dxk

=
∑

i

µ
(i)
k|k−1N (Yk; Ŷ

(i)
k|k−1,Ω

(i)
k|k−1) (42)

where (if given hypothesis Hi)

Ŷ
(i)
k|k−1 = V i

k x̂
(i)
k|k−1

Ω
(i)
k|k−1 = V i

kP
(i)
k|k−1(V

i
k )

′ + diag{R2
k, R

3
k}

We summarize our TAC algorithm for multiple-model tar-

gets as follows:

1) Under each hypothesis, use an IMM filter to get the

model-conditioned predictions (x̂
(i)
k|k−1, P

(i)
k|k−1) and the pre-

dicted model probabilities µ
(i)
k|k−1.

2) For each hypothesis, calculate the likelihood by Eq. (42).

3) By Eq. (10), get the accumulated likelihood ratio and

carry out the test.

Note that in the above, we track all targets by the same

model set. Actually, we can design different model sets for

different target types and the above algorithm is also applica-

ble. We do not cover the distributed fusion implementation of

the above test in this paper. Actually some distributed fusion

methods, such as the one in [18], can be immediately used

here. However, if we assume the target track based on type

3 data has been formed, then there is a standard distributed

fusion for MJLS, which is only solved partially in [18]. To

our knowledge, no other results are available.

VI. NUMERICAL EXAMPLES

In this section, we provide several illustrative examples to

verify our TAC algorithms. For all simulations, 10000 Monte

Carlo runs were conducted.

A. Static Case

Two hypotheses are

H1 : θ = 0; H2 : θ = 1 (43)

and the three types of measurements are

z1k ∼ N (θ, 4) (44)

z2k = θx+ v2k (45)

z2k = x+ v3k (46)

where x is an unknown constant,

v2k ∼ N (0, 1), v3k ∼ N (0, 1)

and z1k, v2k and v3k are mutually independent white Gaussian

sequences. Let the decision errors be

α12 = α12 = α

When only z1k is used, by Eq. (8) we have the following lower

bound for Armitage’s SPRT

E1(N) = E2(N) ≥ 8(1− 2α) log
1− α

α
(47)
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Fig. 1. Simulated ASN and lower bound vs. α

Fig. 1 shows the simulated ASN and the lower Bound vs. the

controlling DEP α for the simple classification problem. The

ASN of Armitage’s SPRT tends to achieve the lower bound

as α decreases.
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Fig. 2. Simulated ASN of our TAC algorithm

Fig. 2 shows the ASNs of the proposed test with two types

of data (SPRT-2T) z1k and z2k and with all three types of data

(SPRT-3T). Comparing Fig. 2 with Fig. 1, we can see clearly

that z3k contributes to the test when z2k is used.

In both scenarios above, the DEPs are indeed smaller than

α.

Now we fix α = 0.01 and check the impact of estimation

credibility to the test by enlarging and reducing the MSE of the

estimate of x. Let MSE↓(x̂) = MSE∗(x̂)− 1 and MSE↑(x̂) =
MSE∗(x̂) + 3, where MSE∗ denotes the true MSE, MSE↓

denotes the reduced MSE and MSE↑ the enlarged one. The test



results are included in Table I. From the table, it is clear that

non-credible estimate increases the DEP significantly under

H1 and the decision error requirements specified by α are not

satisfied. The decision performance under H0 is insensitive to

the MSE since θ = 0 and hence the performance is irrelevant

to the estimation performance.

TABLE I

CREDIBILITY EFFECT ON SPRT

ASN DEP

MSE∗, H = H0 19.2600 0.0060

MSE∗, H = H1 13.4440 0.0060

MSE↓, H = H0 11.1630 0.0030

MSE↓, H = H1 24.8590 0.2250

MSE↑, H = H0 3.3740 0.0010

MSE↑, H = H1 3.7290 0.9580

B. Single-Model Target

The kinematic model of a target is assumed to be

xk+1 =

[

1 T
0 1

]

xk +

[

T 2

2
T

]

wk (48)

and the three types of measurements are assumed as

P{z1k = θi|Hj} =

{

P r, i = j
P e, i 6= j

(49)

z2k = θ
[

1 0
]

xk + v2k (50)

z3k =
[

1 0
]

xk + v3k (51)

where sampling time T = 1, wk is zero mean white Gaussian

process noise with variance 0.1, and the two measurement

noises are Gaussian and mutually independent with zero mean

and variance R2
k = 1 and R3

k = r, respectively. The true initial

state was generated from a Gaussian distribution with mean

and covariance

x̄0 =

[

1
1

]

, P0 =

[

10 0
0 1

]

Three hypotheses are tested

H1 : θ = θ1 = 0.1

H2 : θ = θ2 = 0.5

H3 : θ = θ3 = 0.9

In the simulation, we set P r = 0.6, P e = 0.2, α = 0.05 and

chose H2 to be true.

Fig. 3 shows the ASN vs. r. As we can see, the contribution

of z3k to the test decreases as r increases. When r is small, z3k
helps provide an accurate estimate of x and hence benefits the

classification performance by reducing the sample size needed

to make a decision. As r increases, the contribution of z3k drops

since more data are needed. Note that when r is very large,

using both types of data is equivalent to using only z2k, since

z3k is noninformative. The DEPs of these tests are given in

Table II. As we can see, they are all smaller than α.
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Fig. 3. ASN of the proposed SPRT vs. measurement noise covariance r

C. Multiple-Model Target

Two kinematic models are adopted: (nearly) constant veloc-

ity (CV) and (nearly) constant acceleration (CA). Type 2 and

type 3 measurements are made. The system models are

xk+1 = F
(l)
k xk +G

(l)
k w

(l)
k , l = 1, 2 (52)

z2k = θ[ 1 0 0 ]xk + v2k (53)

z3k = [ 1 0 0 ]xk + v3k (54)

where

F
(1)
k =





1 T 0
0 1 0
0 0 0



 , F
(2)
k =





1 T T 2

2
0 1 T
0 0 1





G
(1)
k =

[

T 2

2 T 0
]′

, G
(2)
k =

[

T 2

2 T 1
]′

Sampling interval T = 1s, w
(l)
k , l = 1, 2, are zero-

mean white Gaussian process noises with variances q
(1)
k =

1 and q
(2)
k = 4 respectively. The measurement noises are mu-

tually independent zero-mean white Gaussian with variances

R2
k = 100 and R3

k = r, respectively.

The target switches its model at each time instant according

to the following transition probability matrix

Π = [π(ij)]2×2 =

[

0.9 0.1
0.1 0.9

]

The true initial model was selected randomly with equal

probability. The two initial model probabilities of the IMM

filter were set to 0.5 and the true Π was used. The true initial

state was generated from a Gaussian distribution with mean

and covariance

x̄0 =
[

10 1 0
]′
; P0 = diag(16, 9, 9)

which were also used to initialize the IMM filter. Two hy-

potheses were tested

H1 : θ = 0.2; H2 : θ = 0.8

In the simulation, we set α = 0.05 and chose hypothesis H2

to be true.



TABLE II

DECISION ERROR PROBABILITY VS. MEASUREMENT NOISE COVARIANCE r

log10 r −2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5 3 3.5 4

P{d = 1|H2} 0.0162 0.0146 0.0165 0.0149 0.0173 0.0168 0.0202 0.0205 0.0249 0.0232 0.0251 0.0253 0.0271

P{d = 3|H2} 0.0149 0.0181 0.0159 0.0168 0.0144 0.0175 0.0168 0.0213 0.023 0.0243 0.0244 0.0267 0.0272

Fig. 4 shows the ASN vs. r. From the figure, we can see

that the contribution of z3k to the test decreases as r increases.

The maximum DEP of all the test is 0.038 < α, meaning that

the decision error probability is guaranteed.
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Fig. 4. ASN vs. measurement noise covarince r

VII. CONCLUSIONS

A tracking aided target classification algorithm based on

multi-hypothesis sequential probability ratio test (MSPRT) is

proposed. Three types of measurements are used in our algo-

rithm to estimate the target state and compute the likelihood

ratio needed in the MSPRT. We show that by helping improve

the estimate of target state, the kinematic measurements,

which do not relate to the target class directly, can actually

benefit classification performance. Both non-maneuvering and

maneuvering targets are considered in our algorithm and the

interacting multiple model estimator is employed to account

for the dynamic model uncertainty for maneuver targets. The

classification performance of our algorithm is demonstrated by

several numerical examples based on Monte Carlo simulation.

Future work includes performance analysis of our algorithm.

Further, extending our method for joint target tracking and

classification (JTC) worths more effort. With the target class

being identified, it can provide feedback and hence improve

the tracking performance. This iteration may lead to a superior

joint solution for JTC.
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